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Abstract. Conventionally, when we construct a quantum model, we must first know the
corresponding classical model. Applying the correspondence between the classical Poisson
brackets and the canonical commutator, we can find the canonical quantization condition.
Through the example given in this paper, we will find that it is not necessary to do this.
In the example, a Lagrangian operator is operator gauge invariant. After localization, in order to
keep the operator gauge invariance of the operator action, we must introduce a gauge potential.
The Euler-Lagrange equation of motion pfgives the usual operator equation of motion, and

the gauge potentiay gives a constraint. This constraint is just the usual canonical quantization
condition.

In qguantum mechanics and quantum field theory, in order to obtain a canonical commutation
relation, we need to know the corresponding classical model, since in the formalism of
guantum theory, the canonical commutation relation cannot be obtained automatically. So,
we must analyse the related classical model first, and try to deduce the Poisson brackets
between the canonical coordinate and the corresponding conjugated momentum. Then
applying the correspondence between the classical Poisson brackets and the canonical
commutation relation, we can find the canonical commutation relation. Therefore, in this
case, the canonical quantization condition is a quantum hypothesis. But can we obtain it
from a more fundamental principle?

This work was first done by Adler [1, 2], who developed a generalized quantum
dynamics. He used the concepts of operator-valued gauge transformations and a total trace
action—concepts which he introduced, P1 3-5]; operator-valued gauge transformations
were also discussed by Mackey [6, 7]. Adler’'s formalism gives the usual operator equations
of motion, with the canonical commutation relations emerging as constraints with the
operator gauge potential [1, 2]. His formalism is different from the usual quantum mechanics
and quantum field theory.

In this paper, we explore a quantum model with one bosonic degree of freedom. The
starting point of all discussions is that all the physical arguments, sugh bkagrangian,
Hamiltonian and action etc, are operator-valued variables. In this model, the conventional
canonical quantization condition emerges as a constraint of the operator gauge potential.
This means that the conventional canonical quantization condition is automatically contained
in the structure of the model. So we need not use the conventional canonical procedure of
‘quantizing’ a related classical mechanics to obtain a quantum mechanical model. The goal
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of our constructing this model is to discuss how to spontaneously introduce the canonical
guantization condition in the formalism of the usual quantum theory.

Now we discuss a quantum harmonic oscillator. First, we simply discuss a model with
global unitary symmetry. Its Lagrangian is

1(dg c 1 2 2
L=-|-)—-2 1
Z(dt) 2“1 @)
where ¢ and its time derivative gl/dr are quantum variables, and is a c-number

parameter. We can easily prove that the above Lagrangian is invariant under the following
transformation (later we will prove it):

q—>q =Uq 2
where the operato¥/ is unitary:
UUut=1=U"U. 3

Now, we localize the theory. In gauge theory, when a gauge transformation is localized,
in order to ensure the gauge invariance, we must introduce a gauge field. In the present
model, in order to ensure unitary invariance, we will introduce a gauge potditialhen
the Lagrangian is changed into

L = }(Dog)? — jw’q® — }iBo (4)

where ) is a covariant derivative, whose definition is
dg
Dog = (0; + Bo)g = m + Bog . (%)

From equation (4), equation (5) is the canonical momentum conjugate to the coorginate
The corresponding operator action is

S = / b Ldr. (6)
We will prove that the operator action is invariant under the following transformations:
q—q =U)g @
Dog — Dgg" = U(1)Dog 8)
Bo — By=U(t)BoU" (1) — ?UWQ 9)

whereU (¢) is a unitary operator:
UUT ) =1=UT0U@). (10)

Obviously, when we let/(r) be independent of time and the gauge potentid
equal zero, the localized Lagrangian (4) is the same as the original Lagrangian (1), and the
present theory should be able to return to the original one. So a natural requirement is that
the dynamical variables in the present theory have similar properties to the corresponding
dynamical variables in the original theory. For example, in the original theprglg /dt
and dg/dr? are Hermitian operators, so we require thaDog and DyDog be Hermitian
operators. The requirement of the Hermiticity ¢f Dyq’, L, Dog and DyDog gives the
following five restrictions:

Ug=qU™ (11)
U(Dog) = (Dog)U* (12)
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B = —Bo (13)
{g, Bo} =0 (14)
{Dog, Bo} =0 (15)

respectively, wherdé/ = U(¢) and the braces represent a conventional anti-commutator.

Applying the properties (11) and (12) af/, it is easy to understand that the
transformations (7) and (8) have the form of operator gauge transformations. Resolve
U into the square of another opera®ér V must have the same properties of (11) and (12)
as that ofU. Therefore, equations (7) and (8), respectively, change into:

g—q =V%q=VqV* (16)
Dog — Dpg’ = V(Dog) V™. 7)

These are just the form of operator gauge transformations [1, 2, 6, 7].
Now we discuss the change of the Lagranglannder the transformations defined by
(7)—(9). Using relations (10)—(12), we can prove thatand (Dog)? are invariant:

q* = q'*=qU'Uq =¢°. (18)
Similarly,

(Dog)* = (Dgg)* = (Dog)*. (19)
Therefore, the change of the Lagrangianunder the transformations is

8L = —3i8By. (20)

In order to prove the unitary invariance of the operator action, we discuss an infinitesimal
operator-valued transformation of the form

U=1+6A SA = —8AT. (21)
Using equations (11) and (12), we found that must satisfy the following restrictions:

{q.8A) =0 (22)

{Dog,dA}=0. (23)

From equations (21)—(23), we find théA satisfies the same algebra as thatBgfwhich

is defined by equations (13)—(15). Now, we try to find the relationship betweand By;

we look at it from a mathematical point of view. We know that (12) holds in this model
for any coordinatey, any permissive gauge potentiB) and any permissive transformation
operatorU. In particular, it should hold wheg vanishes. Whegg vanishes, according to
(5) equation (12) changes into the following form:

UBoq = BoqU™ . (24q)

According to (11), and noticing thatis any coordinate variable, equation &4hen gives
the following relation:

[U, Bo] =0. (24b)
Using equation (21), we found th&\ commutes withBg:
[6A, B =0. (24c)
Then the first-order variation a8y is
disA
8By = — (GA) . (25)

dr
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Under an infinitesimal transformation, the first-order variation of the operator agtien
© d

55:%[ dr—8A . (26)
oo O

So when§A vanishes at = +o0o, or more generally§ A(oco) = §A(—o0), the operator
action is invariant, i.e.

85 =0 27)

which means that our model has local operator gauge symmetry.

Now we discuss the Euler—Lagrange equation of motion. First we consider the equation
of motion ofg. Letg change infinitesimally arbitrarily, meanwhilgy vanishes at = +o0,
the first-order variation of the operator action is

88 =/ d 2{DoDog + w’q, 8¢} . (28)

Becauseiq is an arbitrary variation of, we can letsq be proportional to the unit operator
in the Hilbert space. Therefore, the Hamilton action principle gives the following equation
of motion:

DoDog + w?q = 0 (29)

which is just the usual operator equation of motion.
If we let By change infinitesimally arbitrarily, using relation (14) and (15), the first-order
variation of the operator action is

[e9]
85 = %/ dr[g(Dog) — (Dog)g — 18 Bo. (30)
—00
So the Hamilton action principle gives the following constraint:

[¢.Dog]l =i (31)

where Qyg in (31) is the conjugated momentum conjugate to the coordipateThus
equation (31) is just the usual canonical commutation relation.

Finally, we simply discuss the transformation operatbrand the gauge potentidt,
[9]. From Strocchi and Wightman's work [8], we know that this transformation is very
restrictive. So isBp, but we can find a solution to them [9]. Using equations (21), (11)
and (12), we found thaiA satisfies the same algebra as thatBef which is defined by
(13)—(15). A possible solution a8, and3A has the following form:

g (Dog)g (32)

Using relation (31), we can easily prove this. Therefore, the transformation opérator
and the gauge potentidly that satisfy all the restrictions exist. In this model, an operator
gauge potential is just a constraint. It is not an independent dynamical argumely; So
could be expressed by and 4. Therefore we can leBy be proportional to (32). From
equations (22) and (23), we found that commutes withBy which is consistent with our
preceding result (equation (3.

From the above discussions, we know that the canonical quantization condition can be
introduced spontaneously through the symmetry of the Hilbert space, and, in some sense,
the hypothesis about the symmetry of the Hilbert space is more fundamental and more
natural, and is thus very important in quantum theory.
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